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ABSTRACT: This paper is defined the types of Integral Transforms. The generalized finite Mellin Integral Trans-
forms in [0,a], which is mentioned in the paper by Derek Naylor and Lokenath Debnath. In this paper | also intro-
duce Laplace Transform and Inverse Laplace Transform. The number method is used to find the time domain func-

tion from its frequency domain equivalent.
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INTRODUCTION: The Integral transforms play an
important role in Analytic number theory, the part of
Number theory where problems of a number-theoretic
nature are solved by the use of various methods from
Analysis. The most common integral transforms that
are used are: Mellin transforms (Robert Hjalmar
Mellin, 18541933), Laplace transforms (Pierre-Simon,
marquis de Laplace, 1749-1827) and Fourier trans-
forms (Joseph Fourier, 1768-1830). Crudely speaking,
suppose that one has an integral transform

F(s)= [, f(®Ok(s,t)dt
(1.1)

Where | is an interval, and K1(s,t) is a suitable kernel
function. If a problem involving the initial function
f(t) can be solved by means of the transforms F(s),
then by the inverse transform

f(t) = f] F(s)k,(s,t) ds

One can obtain information about f(t) itself. Here J is
a suitable contour in C and k, (s, t) is another kernel
function. Naturally the passage from (1.1) to (1.2) and
back requires knowledge about the kernels, the con-
vergence (existence) of the integrals that are involved,
etc.

(1.2)

Fourier Integral Transforms: It was the work of
Cauchy that contained the exponential form of the
Fourier Integral theorem as

f) = 2 2 ek f(y) dy dk.

Cauchy’s work also contained the following formula
for function of the operator D

DD @) = - [ [7, B(ik)e k=) £ (y) dy dk.
(2.2)

2.1)

The deep significance of the Fourier Integral Theorem
was recognized by mathematicians and mathematical
physicists of 19™ and 20™ centuries. Indeed, this theo-
rem is regarded as one of the most fundamental results
of modern mathematical analysis and has widespread
physical & engineering applications.

Laplace Transforms: The Laplace Transform of f(x)
is:

oo

W@I=F6) = [ e*f@dr ®Rs>0)
0_
Then L~1[F(s)] = f(x) is the Inverse Laplace Trans-
form. It is unique if e.g. f(x) is continuous. The In-
verse Laplace Transform can be represented by a
complex inversion integral transform is

y+iT

1
— i sx
f(x) o T“_To f eS*F(s)ds
y—iT

(x >0)

And f(x)=0 for x<0. Here y is a real number such that
the contour of integration lies in the region of conver-
gence of F(s). The Laplace Transforms are practical in
view of the fast decay factor e™5* which usually en-
sures good convergence. For an account on Laplace
Transform we refer the reader to G.Doetsch’s classic
works [5] and [6].

Laplace Transform in the Circle and Divisor prob-
lem: The circle and divisor problems represent two
classical problems of Analytic Number Theory. Much
work was done on them and the reader is referred e.g.,
to [12],[9].

The (Gauss) circle problem is the estimation of

P(x)=z ) —me+1
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Where x>0, Y\5,<, ~ means that the last term in the
sum is to be halved if x is an integer and r(n) =
Yn—az+p2 1 denotes the number of representations of
n (€ N) as a sum of two integer squares

The Dirichlet divisor problem is the estimation of
A(x) = Thexd(m) —x(logx +2y —1) — 1
Where x>0, d(n) = Y51 is the number of divisor of

n
nandy = —I'(1) = 0.5772157.. is Euler’s constant.
One of the main problems is to determine the value of
constants a, 8 such that

a =inf{a| P(x) < x%}, B = inf{b| A(x) < xP}.
It is know that

=

131

1 1
= < < —
0314903...7 < f < 7=

S<a<—
4 416
= 0.314903.

It is also generally conjectured that a« = 8 = % but this
conjecture seems very difficult to prove.

Mellin Transform: Hjalmar Mellin (1854{1933, see
[59] for a summary of his works) gave his name to the
Mellin transform that associates to a function f (x) is
defined over the positive real the complex function
f*(s) where

£(s) = f F()es dx
0

This method is prescribed for generating such trans-
forms. The method is adopted for the GMIT  IN

[0,00] for the infinite interval x>0 and the result is
modified for a finite interval O<x<a. we see the prop-
erties for GFMIT in [0,a] like linearity property, scal-
ing property, power property and propositions for the

functions %f (i) and (log x) f(x).

Basic Results: The generalized Mellin Integral Trans-
forms of a function f(x) in 0<x<co introduced by Inte-
gral

ME[f(x),r] = FE*(r)
° a2r
= f <xr‘1 - xr_1>f(x) dx, r

0
> 0.

The inverse of this transform is

M=[f(0),r]l = E* 7' () = f(x)

= — | x"M®(@)dr
2mi J;,

Where L is the line Re p=c and M*[f(x),r] = F=(r)
is regular function on the strip |Re(p)| < y withc<y
On the other hand, if the derivative of f(x) is pre-
scribed at r=a, it is convenient define the associated
Integral Transform by

MZ[f(x),r] = Fi"’(;)
= f <xr+1 + xii)f(x) dx, 7

0
> 0.

The inverse of this transform is
ME ), ] = FR7H(0) = f(x)
1

= 2_7'[1J; X_TMf(T) dr

Where L is the line Re p=c and M® '[f(x),r] =
Fe~1(r) is regular function on the strip [Re(p)| <y
withc <y.

CONCLUSION: This paper thus, consisted of a brief
overview of the Integral Transforms. The use of these
transforms is to solve differential equations. The pri-
mary use of Laplace Transform to convert a time do-
main Function into its frequency domain equivalent
was also discussed.
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