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ABSTRACT: There are various numerical and analytical methods available for solving the fractional type ordinary
differential equations. Applying the Sumudu integral transform, these equations can be solved with more accuracy.
This method can be applied to solve differential equations of fractional and non-fractional,homogeneous and non-

homogeneous type.

Keywords: Sumudu integral transform; fractional derivatives; fractional integrals and differential equations.

INTRODUCTION: Sumudu transform method, for
solving fractional type ordinary differential equations
was established by Belgacem and carried further for
more contributions in the field by Kilckman and oth-
ers working in this area. Adomain decomposition
method was George Adomain; it is one of the very
potential methods for analyzing such differential
equations. In this paper objective is to present more
specific and appropriate solutions to differential equa-
tions fractional order.

Many advance studies in solid state physics, control
systems, signal processing, thermodynamics, and sto-
chastic processes involve fractional type ordinary
differential equations and applications. Various meth-
ods are instrumental till date for solving the fractional
type ordinary differential equations which includes
Adomain decomposition, Homotopy decomposition
originated by expert researchers in this field About
the Sumudu Transform:

Sumudu transform is defined as

F&) = ST@1= [ et du e -,
0

Over the set of functions given by
A= {f(t)|>M,
lel )
71,72 > 0,|f ()| < Me™,if t € (=1)) x [0, 00)}

Two basic types of Fractional order derivatives:
Fractional calculus is a widely used mathematical
concept for applied sciences. Nevertheless, it is
somehow very difficult to deal and merely in last
few years researchers have been encouraged to use
the associated concepts. Various types of fractional
order integrals were introduced by Poldubny for a

simple interpretation of concept. He proposed a
useful real field and material explanation of frac-
tional integral in terms of non-homogeneous and
changing time scale. Some of the prominent frac-
tional derivatives and integrals with their inherent
characteristics are expressed as follows.

There are plenty of ways to deal with fractional deriv-
atives, following are few of them:

(i) Riemann-Liouville fractional derivative and
fractional integral

(if) Caputo Fractional derivative

(iif) Jumarie’s Fractional derivative

We review some concepts of derivatives and integrals
which are useful for further research in fractional cal-
culus.

Definitions:

(i) Riemann-Liouville fractional integral
If f(x) € Cla,bland a < x < b,
Riemann-Liouville fractional integral of f (X)is denot-
ed by Ig+f(x) and is defined as,
1 f@®
1P f(x) = f
o v(B) a (xt— t)t=F
- = _ ) a-1)

And D~%(f(t)) = o J, & =DV f(r)dr.
O<a <1,

dt, B € (—o0, )

Abel-Riemann  fractional integral is  given
by/* J<(f(t)) = [, (t — D)@V f(D)dr,t > 0,a >

0;
Using this definition, /<,

JX(™) = % £+ gnd DX(th)=

y(1+n)
y(14+n—a)
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(if) Riemann- Liouville fractional derivative:
If f(x) € C"'[a,bland a < x < b,

The Rieman Liouville fractional derivative of f (x) is
denoted by
pf__ 1 av f(@)
y(n-p) dx™’a (x-1)B-n+1)

dtyn—1<f<n

Abel-Riemann fractional derivative is given by,
D*(f(1))
f@®)
= 1
Y= dtmfo (—oemm Jormoi=a
<m

D(f(¥)) =

meZzt,
€ R and D% is the derrivative operater

Lo (@), fora =

dtm

(iii) Fractional order derivative concept given by Ca-
puto is as follows:
If f(x) € C"'[a,bland a < x < b,

Then Caputo fractional derivative of f (x) is denoted
by

pf__ 1 a ex @)

y(n-B) dx"a (x—7)(B-n+1)

din—-1<f<n

or

t () .
Coet()= (n a) fO (t= ];)arn+1 dr,forn—1<a<mn;
Cpaf(t) = @f(t), fora=n, and

J5(Coef )= F() — 3§ F* (0N

(iv) Jumarie’s Derivative: The Jumarie’s Derivative of
order
a = 0of a function f € C ,u=—1isdefined as,
1
a _ $)(m-a)
) = st [ =0
- f(0)]dt,
a>0,x>0
If f (t) is inverse Sumudu Transform of F (u), then
transform of integer order derivative of f(t) is given by

s[o £ )] = S 1r) - Zu Ol

If f(t) is inverse Sumudu Transform of F (u), then
transform of fractional order Riemann —Liouville
derivative of f(t) is given by,

SOl =vw™* [F (w)

- Zu“-k[D“-kf(t)|t=o] -1

0
<n—-1<a<n

Sumudu transform of Caputo order fractional deriva-
tive is given by
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1o

@h) —l<a<n

S[f(t)] Z
u

0

Now let us apply this concept to solve fractional type
of a linear differential equation. In this part we apply
STM. Consider the fractional order differential equa-
tion,

5 1
Dz(y) + D%(y) + Dz2(y) = cosht With the initial
conditions y (0) =0, y'(0) =0,y"”(0) =0

Taking Sumudu transform on both sides
[uz +uz+ u2]y(u) u 2y(0) u zy '(0) -
u zy”(O) u zy(O) uz
¥/ (0) -uzy(0) =

S[D*f(t)] =

(1- u2)
2
Simplifying, y (U) =——"%)_ Taking inverse
[uz+uz+uz]

Sumudu transform

eZ[cos( (t u)— /351n—(t w)]
ez J; d

Vu

1t teZ[sm( (t u)) ¢
e [ gy Lot erf(yE) -

_q o3t ft e%[cos (?(t—u)+ /351n 7(t—u)]

Y(t)—

u—

o€ o u dut
L

—1 8t pe2[sin ((t-w)) 1 g .

e onu_lEe erf (ivt)

Now we solve another fractional order differential
equation,

[D + D% - 2] y(t) = 0,subjected to D%y(0+)
=¢,y(0*)=0,t>0
Taking Sumudu transform on both sides,
s [D + Dz 2] y(£) = 5(0)

Implies,
__1
LIF@) = O]+ 5P - 22O~ 2F () =
u2
0 =>
1

FEY < _oFrw) =0 => (1+uz —
2u)F(u) =c¢ =>

I 2¢ c _ .
= (1+u%—2u) = 3(1+2:u) N 3(1-V) —taking
inverse sumudu transform

)= 5[] S =5 -

e4terf2t+c3[ez‘+eterf (0]

This solution by Sumudu transform method is novel
and does not resemble with any solution obtained by
other methods.

Proceedings of ‘Global Meet on Advances in Design, Materials & Thermal Engineering [GMADMT-2018]’ 30



[(Asian J. Adv. Basic Sci.: 6(3), 2018, 29-31) Study of Some Prominent Fractional Type of Derivatives and Integrals....]

CONCLUSION: The prime concept of this paper is
to establish the novel method of finding solution to
differential equations fractional and non-fractional
order. In this paper we solved different types of frac-
tional order differential equations by Sumudu trans-
form method. We could obtain appreciable perfect
solutions for the numerical. This shows efficiency of
this method in obtaining accurate solutions to ordinary
fractional differential equations. This method is effec-
tive and successful for solving the critical fractional
order differential equations. The prominent utility of
this method is obtaining analytical method. It is seen
that this method is an inspiring technique for solving
fractional differential equations.

REFERENCES:

1. G. K. Watugula, “Sumudu transform an integral
transform to solve differential equations and con-
trol engineering problems”, international journal of
mathematical education in science and technology;,
24, 1993, no-1, 35-43.

2. F. B. M. Belgacem, A. A. Karaballi and S. L.
Kalla, “Analytical investigations in Sumudu trans-
form and applications of integral production equa-
tions”, mathematical problems in Engineering,
2003, no-3, 103-118.

3. M. A. Asiru, “Sumudu transform and solution to
integral equations of convolution type”, interna-
tional journal of mathematical education in science
and technology, 32, 2001.no-6, 906-910.

4. M. A. Asiru, “Further properties of Sumudu trans-
form and applications”, international journal of
mathematical education in science and technology;,
33, 2002, no-3, 441-449.

5. K. S. Miller and B Ross, “Introduction to fractional
calculus and fractional differential equations”,
Jhon wily and sons Newyork NY USA, 1993.

6. M. A. Asiru, “Applications of the Sumudu trans-
form to solve discrete dynamic systems”, interna-

tional journal of mathematical education in science
and technology, 34, 2003, no-3, 944-949.

7. K Deithlem and Y Luchko,” Numerical solutions
to multi-term initial value problems of fractional
order,” Journal of computational applications and
analysis, vol-6, no -3, 243-263, 2004.

8. A. A Kilbas, H. M. Srivastava, and J. J. Truijillo,
Theory and applications of fractional order differ-
ential equations, Elsivier Science, New-York, NY,
USA, 2006.

9. G Adomin, “A review of decomposition method
and some results in nonlinear equations *’, Mathe-
matical and computational modeling, vol.13, no-7,
17-43, 1993.

10.R. C. Mittal and R. Nigam, “Solution to fractional
integro differential equations by Adomin decom-
position method” The international journal journal
of mathematics and Mechnics, Vol.45, no-2, pp 87-
94, 2008.

11.A. Atangana, S. Tuluse Demiray, H Bulut, “Model-
ling the nonlinear wave equation within the scope
of fractional calculus”, Abstract and applied Anal-
ysis, vol-2014, Article ID 481657.

12.S. Weerakoon, “Application of Sumudu transform
for partial differential equations™, international
journal of mathematical education in science and
technology, vol25, no-2, 277-284, 1994.

13.A. Atangana, A. Klickman, “The use of Sumudu
transform to solve fractional nonlinear heat like
equations”, Abstract and applied Analysis, vol-
2013, Article ID 737481.

14.Q. D. Katabeh and F.B.M. Belgacem, “Applica-
tions of Sumudu transform for fractional differen-
tial equations”, Nonlinear Studies, no-1, pp 99-
112, 2011.

15.F. B. M. Belgacem and A. A .Karaballi, “Sumudu
transform, fundamental investigations properties
and applications”, Journal of Applied mathematics
and Stochastic analysis, vol. 2006, article ID.
91083, 2006.

Proceedings of ‘Global Meet on Advances in Design, Materials & Thermal Engineering [GMADMT-2018] 31



